Let F 7 denote the Fano matroid and M be a simple connected binary matroid such that every cocircuit of M has size at least d 3. We show that if M does not have an F 7 -minor, M 6 = F 7 , and d = 2 f5; 6; 7; 8g, then M has a circuit of size at least minfr(M) + 1; 2dg. We conjecture that the latter result holds for all d 3.
Introduction
Let M(K 4 ) denote the circuit matroid of K 4 . Let P(F 7 ; e) denote the family of matroids obtained by taking the parallel connection of one or more copies of the Fano matroid F 7 on a xed element e. In a previous paper 2] we extended two classical results concerning the existence of long circuits in a simple graph to binary matroids with certain forbidden minors by proving Theorem 1 2, Theorem 14] Let d 3 be an integer. Let M be a simple binary matroid which does not have both an F 7 -minor and an F 7 -minor.
(a) Suppose that M has no F 7 -minor, M 6 = F 7 , and every cocircuit of M has size at least (r(M) + 1)=2. Then M has a circuit of size r(M) + 1. The purpose of the present paper is to obtain a partial extension of a third result, due to Dirac 1] , which states that if G is a 2-connected simple graph of minimum degree d 3, then G has a circuit of size at least minfjV (G)j; 2dg. Our partial extension of Dirac's Theorem is to show that if M is a simple connected binary matroid with no F 7 -minor, M 6 = F 7 , every cocircuit of M has size at least d 3, and d = 2 f5; 6; 7; 8g, then M has a circuit of size at least minfr(M)+1; 2dg.
Our proof technique is to use the splitting results of Seymour 3] to reduce the problem to the case when M is either graphic or cographic. We obtain the result for graphic and cographic matroids in Section 2 of this paper. The reduction step for binary matroids without an F 7 -minor is given in Section 3. Unfortunately our proof for cographic matroids, and hence our result for binary matroids, only holds for d = 2 f5; 6; 7; 8g.
Graphic and Cographic Matroids
We rst state the required result for graphic matroids.
Theorem 2 1] Let G be a 2-connected simple graph on n vertices and d 3 be an integer. Suppose every vertex of G has degree at least d. Then G has a circuit of length at least minfn; 2dg.
To interpret the above theorem on graphs as a theorem on graphic matroids, we replace the condition on the degrees by an assumption on the cogirth cg(M) of a matroid M, which is de ned as the size of a smallest cocircuit of M if M has a cocircuit, or cg(M) = 1 if M consists of loops only.
We next obtain an analogous result to Theorem 2 for cographic matroids. We shall refer to the size of a smallest circuit in a graph G as the girth of G and denote it by g(G). As usual we set g(G) = Given a graph G and A; B disjoint subsets of V (G) we shall use (A; B) to denote the set of edges of G between A and B. We are now able to prove our analogue of Theorem 2 for cographic matroids of su ciently high cogirth.
Theorem 6 Let G be a connected graph with n vertices, m edges, and minimum degree at least three. Suppose g(G) = d 3. Then G has a cocircuit of size at least 2 b(d+1)=3c + 1.
Proof. Let Theorem 6 shows that the size of a largest cocircuit in a graph of minimum degree at least three increases exponentially with the girth of the graph. We shall use this in the next section to show that regular matroids of su ciently high cogirth d have a circuit of size at least 2d. Unfortunately the exponential bound does not exceed 2d until d 14. We can, however, extend the bound of 2d to hold for all d 9 by using the following three lemmas. Their proofs are rather technical and the reader unconcerned with this improvement may progress straight to the next section.
Lemma 7 Let G be a graph on n vertices and m edges. Suppose g(G) d 9 and n d + 3. Then m n.
Proof. Suppose m n + 1. Choose a spanning tree T of G and two edges e 1 ; e 2 2 E(G) ? E(T). Let C i be the unique circuit of T + e i for 1 i 2. Since g(G) d and n d + 3 we have C 1 \ C 2 is a path of length at least one and C 3 = C 1 4C 2 is a circuit of G. Since fC 1 ; C 2 ; C 3 g covers two vertices of G three times and all other vertices at most twice we have 2n + 2 jC 1 j + jC 2 j + jC 3 j 3d: Thus n (3d ? 2)=2. This contradicts the hypotheses that n d + 3 and d 9.
Lemma 8 Let G be a graph on n vertices and m edges. Suppose g(G) d 9 and n 2d + 2. Then m n + 3.
Proof. We proceed by contradiction. Let G be a counterexample to the lemma with as few vertices as possible. Then m n + 4, and G is connected and has minimum degree at least two. Claim 2 Any two circuits of G have at least two vertices in common. Proof. Let C 1 and C 2 be circuits in G having at most one vertex in common.
Using Claim 1 it follows that G has four pairwise edge disjoint paths P 1 ; P 2 ; P 3 ; P 4 between C 1 and C 2 , taking one of these paths to be the path of length zero consisting of the vertex w in V (C 1 ) \ V (C 2 ) if V (C 1 ) \ V (C 2 ) 6 = ;. (Note that if w exists then by Claim 1 we can choose the other three paths to avoid w.)
Suppose without loss of generality that jV (P i )j jV (P j j for 1 i < j 4.
We rst show that P 1 ; P 2 ; P 3 ; P 4 are pairwise internally disjoint: Let p i denote the number of internal vertices of P i for 1 i 4. Using (1) it follows that p 1 + p 2 + p 3 n ? 2d + 1 ? p 4 ; (2) with equality only if jV (P 1 )j = 1. Let F i be the circuit consisting of P i P i+1 together with the segments of C 1 and C 2 which are disjoint from P i+2 for 1 i 3, reading subscripts modulo three. Then fF 1 ; F 2 ; F 3 ; g covers each vertex x 2 V (P 1 ) V (P 2 ) V (P 3 ), p(x) + 1 times, where p(x) is the number of times x is contained in one of the paths P 1 ; P 2 ; P 3 , and covers all other vertices of C 1 C 2 once. Thus (n ? p 4 ) + p 1 + p 2 + p 3 + 6 jF 1 j + jF 2 j + jF 3 j 3d; (3) with equality only if jV (P 1 )j > 1. If p 4 1 then using the fact that equality cannot hold in both (2) and (3), and the fact that n 2d + 2 we have, 2d + 9 (n ? 1) + (n ? 2d + 1 ? 1) + 6 > jF 1 j + jF 2 j + jF 3 j 3d:
This contradicts the fact that d 9. Hence we must have p 4 = 0 and thus p 1 = p 2 = p 3 = 0. Using (3) now gives 2d + 8 n + 6 jF 1 j + jF 2 j + jF 3 2 ; w 2 g, respectively. Then jV (P 1 ) \ V (P 2 )j 1. Putting C i = P i v i ; w i ]w i uv i gives two edge disjoint circuits C 1 and C 2 in G such that jV (C 1 ) \ V (C 2 )j 2. By Claim 2 we must have V (C 1 ) \ V (C 2 ) = fu; vg for some v 2 V (G). Since m n+4, G has minimum degree at least two, and, by Claim 2, G?V (C 1 C 2 ) is acyclic, we can nd a path internally disjoint from C 1 C 2 connecting two (not necessarily distinct) vertices from V (C 1 C 2 ). Claim 2 now implies that this must be a uv-path. Repeating the argument, we deduce that G is the union of at least six internally disjoint uv-paths. Since n 2d + 2, this implies that d 6.
We can now complete the proof of the lemma. Let H be the graph obtained from G by suppressing all vertices of degree two. Then H is 3-regular and any two circuits of H have at least two vertices in common by Claims 2 and 3. Also, since m n+4, we have jE(H)j jV (H)j+4. Since H is 3-regular, this implies that jV (H)j 8. Let C be a shortest circuit in H. Since H does not have two disjoint circuits it follows that H ? V (C) is a forest. Since H is regular we deduce that g(H) = jCj > jV (H)j=2. Lemma 3 now implies that g(H) 4 and jV (H)j 7. This contradicts the fact that jV (H)j 8.
We say that a graph G is essentially 4-connected if it is 3-connected and, if G?S is disconnected for some set S of three vertices of G, then G ? S has exactly two components, one of which is a single vertex.
Lemma 9 Let G be an essentially 4-connected graph with minimum degree at least three and g(G) d 9. Then G has an induced tree T such that H = G ? V (T) is connected and jV (T)j = t = 2d ? 2. Proof. Let T be an induced tree in G such that H = G ? V (T) is connected and jV (T)j = t is as large as possible, subject to the condition that t 2d ? 2. We shall show that t = 2d ? 2. Since G is 2-connected, we may choose a vertex x 2 V (H) such that x is adjacent to T and H ? x is connected. Thus if t d ? 2 then GhV (T) + xi is an induced tree in G contradicting the maximality of T.
Thus t d ? 1. Suppose t 2d ? 3. Let S be the set of vertices of H which are adjacent to T and jSj = s. Let 
Binary Matroids
We shall use the splitting results of Seymour 3] to extend Theorems 2 and 6 to binary matroids which do not have an F 7 -minor. We rst need some lemmas from 2] to construct circuits in 2-sums and 3-sums of binary matroids.
Lemma 10 We are now ready to prove our main result on binary matroids. Proof. In the following proof we will not use the hypothesis that d = 2 f5; 6; 7; 8g until the very end when we apply Lemma 9. Thus any strengthening of Lemma 9 will give a corresponding improvement to this theorem.
We proceed by contradiction. Suppose the theorem is false and let M be a counterexample chosen such that jE(M)j is as small as possible. 
